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Thetotalliftresponsesofwingstosinusoidalgustsandtostnus-
oid.alverticaloscillationsarecalculatedfromtheresponsetogust
penetrationandtoa suddenchangeinsinkingvelocitythroughuseofthe
well-establishedreciprocalrelationsforunsteadyflow.Thecasescon-
sideredaretwo—dimensionalwingsinincompressible,subsoniccompressible,
sonic,andsupersonicflow;ellipticalandrectangularwingsinincom-
pressibleflow;widerectangularanddeltawingsinsupersonicflaw;end
deltawingsofvsnishinglylowaspectratioinincompressibleandcom-
pressibleflow.Formostofthecasesconsidered,closed-formexpressions
aregivenandthefinalresultsarepresentedintheform.ofplotsofthe
squareofthemcdulusoftheW% “coefficientforwingsina simsoidally
oscillatinggustandintheformoftherealandimaginarypartsofthe
liftcoqonentforwingsundergoingsinusoidalsinkingoscillations.A
summarytableispresent~asa guidetothescopeendresultsofthis
paper;thistablecontainsthefigureandequationnunibersforthetypes
offluwandplanformsconsidered.

INTRODUCTION

Twoofthefactorsrequ&d intheharmonicanalysisofairplane
responsetocontinuousatmosphericturbul~cearetheunsteady-liftfunc-
tionsassociatedwithsinusoidalverticaloscillationsandwithsinusoidal
gusts. Theunsteady-liftfunctionsassociatedwitha rigidwingunder-
goingsinusoidaltranslationaloscillationshavebeenderivedinrefer-
ences1 to10fortwo—Wnensionalwingsintnccm.pressible,subsoniccom-
pressible,sonic,andsupersonicflow;forellipticalshdrectangular
WLWS b incompressibleflow;forwiderectangularanddeltawingsin
supersonicflow;andforverynarrowdeltawingsinincompressiblesmd
compressibleflow.Calculationsoftheunsteady-ld.ftfunctionsassociated
withrigidrestrslndwingsinsinusoidalgustsseemtobenonexistent,
withtheexceptionoftheworkbyJones(ref.6)forel.Mpticalwingsin
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2 MICATN3748

incompressibleflowandbyGarrick(ref.U.)andSears(ref.W) for
wingsintwo-dimensionalincompressibleflow.

Thepurposeofthisreportistwofold-toccmpil.etheunste~-
liftfunctionsassociatedwithsinusoidal.sinkingoscilhtionsandto
derivetheunsteady-liftfunctionsassociatedwitha rigidrestrained
wingina sinusoidalgust.Theselatterfunctionsaxederivedherein
fromexistingunsteady-llftfunctionsforawingpenetratinga shq-
edgedgustbymeanEofthereciprocalrelationbetweehthefunctionfor
awingina sinusoidalgustandthefunctionforawingpenetratinga
unitsharp-edgedgust. Thereciprocalrelationusedwasofthesametype
asthatreportedinreferenceU. -

Theunstesdy-Mftfunctionsassociatedwitha rigidrestrainedwing
ina sinusoidaloscillatinggustare@rivedfortwo-dimensionalwings
inincompressible,subsoniccompressible,sonic,andsupersonicflow;
forel13.pticalandrectangularwingsinincompressiblefluw;andforwide
rectangularanddeltawingsinsupersonicflow.Inaddition,theindicial.

lift functionforawingpenetratinga sharp-edgedgustandthecorre-
spondingoscillatoryliftfunctionarederivedfora deltawingofvani-
shingaspectratioincompressibleflow.Thefunctionspresentedin
thispaperaretotalMft functions-whichincludethecirculatoryand
noncirculat.orycomponents.

b studiesoftheairplaneresponsetoatmosphericturbulence(see
ref.u, forinstance),theunsteady-liftfunctionsfora Yigidwingin
a sinusoidalgustusu~ appearintheformofthesquareofthemodulus ‘‘
ofliftcoefficient,whereastheunsteady-liftfunctionsforawingunder-
goingsinusoidalsinkingoscillationsa~earintheformoftheindividual
in-phaseendout-of-phase(realandim@nary,respectively)components
oflift.!llherefwe,onthisbasis,alltheresultsinthisp~er are
presentedinthefiguresintheformsmentioned.Anindextothefigures
andequationsorotkrsourcesofinfomnationfortheunsteady-liftfunc-
tionsforthe@pes offlowandwingplanformsconsideredhereinispre-
sentedasa table.

SYMBOIS
.

A aspectratio

a veloci@ofsound

b(x) spanwisecoo&@ateofleadingedgeofwing,mea8uredfromroot
chord,mx

C(k) totalldftcoefficientforwingoscillatingharmonicallyinpure
translationalmotion,normalizedtouni~byitssteady-state
value,F(k)+ iG(k)
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Lg,ind

qg,osc
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circulatory

3

componentof’C(k) “

steady-stateldftcoefficient

winglift-curveslope

rootchordofwing

completeellipticIntegralofsecondkindwithmodulus

+x,

in-phasecamponentof C(k) (realpsrt)

fiesnelintegr~(seeeq.(56))

S*Z functionofordern (seeeq.(62))

out-of-phasecomponentof C(k) (im@nsrypart)

amplitudeofverticalvelOci@ofw5ng

Besselfunctionoffirstkind

red.uced-fre~encyparsmeter,uc/2v

liftcoefficientforwingexperiencingsuddenchangeinsinking
speed,normalizedtounitybyitssteady-statelift

circulatorycomponentof kl(s)

liftcoefficientforW@ penetratingsharp-edgedgust,
normalizedtounitybyitssteady-statelift

liftonrigidrestrainedwingpenetratingsharp-edg~gust

totalliftonrigidrestrainedwinginsinusoidalgust

liftonrigidwingexperiencingsuddenchangein8inkingspeed

totalliftonrigidwingoscillatingharmonicallyinpure
translationalmotion

liftperunitlength
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M Machmmiber.
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m tang-t

mlq loading

9. aynsmic

ofsemiapexangleofdeltawing

Coefficimt

p+pressure,~

s wingarea

s nondimensionaldistancetravehd,rootsemichords

t distencetraveledbysoundwave,at1

tl timevariable

v forwsrdveloci~

W. smpLLtude ofvertical.gustvelociw

x,y,z coordinateaxes,fixedonwing

Yn(k) Besselfunctionofsecondkind

5(s) unitimpulse,functionorDiracdeltafhnctian

?(k) totallificoefficientforwinghmnersedinharmonically
oscillatinggust,normalizedtouni~byitssteady-state
value

U) circulsrfrequen~

z= 2#kj32
~(s)

lift

.

unitjumpfunction

I?Rxmmm

SincethispaperdealswiththeliftfunctionsC(k) snd q(k),the
duetosinusoidalsinkingoscillationsandthe-liftduetosinusoidal
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NACATN3748 5

gusts,respectively,abriefdes~iptionofthetotalliftintermsof
thesefunctionsandthemethodbywhichtheywerederivedisinorder.

Fora rigidwingoscillatingharmonicallyinpuretranslational
motion,thetotalllftcsnbeexpressedas

(1)

wherek isther~uced-fre~encypsmmeterw/2V,and C(k) isa
COlll@XqusntityF(k)+ iG(k).‘merealpsrtoftiisquanti~isasso-
ciatedwiththein-phaseccmrponentofliftsndtheim@narypartwith
theout-of-phasecomponentoflift;thetotallift&unctionsincludeboth
circulatoryandnoncircul.storyeffects.Fora rigidrestrainedwingin
a sinusoidalgustthetotalliftcsnbeexpressedaa

(2)

Thelift?na rigidwingexperiencinga suddenacquisitionofverti-
calvelocity~ csnbe~ressedaa

(3)

andforawingpenetratinga shsrp-edgedgustofverticalveloci@Wn,
theliftcsnbeexpressedas

‘g,ind= -qsc~+ k2(s)

wherekl(s)and ~(s) axetheindicial
a suddenchangeinsinkingspeedsndfora
gust,respectively.

lift
wing

(4)

functionsforawinggiven
penetratinga shsrp-edged

ThefunctionsC(k) snd &(s) arereciprocallyrelatedasshown
inreferencellbythefollowing-expressions:

C(k)=F(k)+ iG(k)‘l+ik(~l(s)-~e-mti (~]

kl(S) =1+~
J’

“ C(k)-1 ~i~~
~ak (s> o) (6)

. ..-— -—-— . ..-—. ——. .——. . ——. — .—— —- - - -——



6 NACATN3748

Similarly,Q(k) and %(s) arereciprocallyrelatedasfollom:

q(k)=l+ik H
m q(s)

o -11 e--ds (7) “

L~(s) & “‘(k~-1 e-dk=1+ (s> o) (8)

IkappendixA thefunctionskl(s) and k2(s) aregivenasobtained
fromvariousreferencesfordifferent@es offlowsandplanforms.The
functionsC(k)and q(k)wereobtainedbymeansofequations(5)and
(7),respectively,andarealsopresentedinappendixA. Thevsrious
types offlowsandplanformsforwhichthesefunctionswerederivedare
discussedmorefullyinthefol.lowingsection.

The unsteady-liftfunctionskl(s)j~(s)) C(k),and @(k) =e
presentedinappendixA andinfigures1 to20. Thesefunctionsare
givenfortwo—dimensionalwingsinincompressiblefluw(figs.1 and2),
subsoniccompressibleflow(figs.7 and8),sonicflow(figs.11and12), ‘
andSUperSOniCflow(figs.U andU); forel~P*ic~~ rect~~
wingsinincompressibhflow(figs.3to6);forwidedeltaandrectan-
gularwingsinsupersonicflow(figs.15to20);audfordeltawingsof
vanishingaspectratioinincompressibleandcompressibleflow(figs.9
allalo).

The C(k)functions,althoughderivedbyotherauthorsforallthe
_ considerdherein,wererecalculatedbymeansofequation(5) from
existingkl(s) functions. ThefunctionsC(k)asderivedbyuseof
equation(5)are 6 agreanent withthefunctionsderivedbyotherauthors.

TheresultsaxegivenbytheequationsinappendixA andthefigures
whichcontainplotsofthemcdulussquaredforthefunction~(k) (that

[)
q k)12 andthesearatedrealandimaginarypartsofthefunc~

~& 1C k) thatis, ?F k) and G(k)).Asanaidtothereader,tableI
hasbeenpreparedasanindextothee

r
ationorrefer”aceidentifyingthe

functionskl(s), ~(s)> C(k),or q k),theplanformandtypeofflow
forwhichthesefunctionswereconsidered,andtheflgureswherethefunc-
tionsIq(k)2, F(k),and -G(k)ae plott~.

—.— -.. .- — -—— - -_. . .. ... ———- .—. -- ——.



NACATN3748 7

CONCLUDINGREMARKS

Thetotalliftresponsesto.sinusoid.alsinkingoscillationsC(k),
andtosinusoidalgusts~(k),havebeencalculatedthroughuseofthe
well-establ.is~reciprocalrelationsforunsteadyflowfortwo-dimensional
wingsinincompressible,subsoniccompressible,sonic,andswersonicflow;
forelliptical.sndrectangularwingsinincompressiblefldw;forwide
rectangularanddeltawingsb supersonicflow;andfordeltawingsof
vauishinglylowaspectratioinincompressibleandcompressiblefluw.For
mostofthecasesconsidered,closed-fomnexpressionsme given- the
finalresultsarepresentedtntheformofplotsofthesq.mreofthe
modulusoftheliftcoefficientsforawhg ina sinusoidal.gust,andthe
in-phaaesndout-of-phaseliftcomponmtssrepresentedforawingunderg-
oingSinusoidalsinkingoscillations.

Certaingapsstill exist in the lmuwledge oftheunstesdy-13ftproblem.
Forinstance,thereseemstobe littleornoinformationavailableforthe
sweptwing. Forrectangularwingsh mibsonicflow,andinsupersonicflaw
forwhichthecharacteristicMachlinesfitersectthesideedgesofthe
wing,theunsteady-liftproblemremainsunsolved,asitisforthedelta
wingforsubsoniccompressibleandincompressibleflow.Informationon
otherwingswithsubsonicles&Lngedgesinsupersonicfluwisslso
missing.

LsngleyAero*ticalLaboratory,
NationalAdti.soryCommitteeforAeronautics,

~~ Hem, Va.,June8,1956.
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8 NACATN3748

APPENDIXA

A COMPIIATIOI?OFTHE.FUNCTIONSkl(s),%(S),

C(k),AND

!Rm-DimensionalWingin

Thefunctionskl(s)- ~(s)

~(k)

IncompressibleFlow

havebeenderivedby
(ref.U) andVonK&m&nandSear”s(ref.15),respectively.
approximationstothesefunctionshavebeengivenbyRobert

Wagner
Exponential
T.,Jones

(ref.6) endarenowpresented,togetherwiththe C(k)and p(k) *c-
tionsa8giveninreferences1-endU, respectively:

kl(s)-1.0 - 0.165e-0”@5s- 0.335e4”300s+# 5(s) (9)

%(s) ~ 1.0“-o.236e-oeo58S- o.5~e-o*3~S- o0171e-2.@ (lo)

C(k)= C(k)c~+ ~ “ (1.1)
.

q(k)= {[C(k)cirJo(k)- }
~l(k)l+ Ml(k)e-m (1.2)

whereC(k)isdefinedasthetotalliftfunctionand C(k)c~ repre-
sentsthecirculatorycomponentoftheUft andisgiveninreference1
as

-J,(k)+ iY.(k)
C(k)eir=

.. .-

-~l(k)+Yobl++l(k)-Jo(@_j (13)

Themultipliere-ik
(ref.11)becausein
thegustreachesthe
thetimeorigin
ofthewing.

c(k)=++ UC)

}

(k> > 1.0) (m)
lq@12 = &

(eq.12)isnotincludedinthetictionq(k)
reference11thetimeoriginistheinstsntatwhich
midclmrdpositionofthewing,whereaainthispaper

istheinstantatwhichthegustreachestheleadingedge

— —-------
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EllipticalWinginIncompressibleFluw“

Foranellipticalwinginincompressiblefluw,thefolluwingegya-

.

tionswerederiv-~fra references6,16,and17:

%(SJ-3 -o.~os + 85(s)= 1.0-0.283e

[ii
k23C%E 1- ~

qd< = 1.0 - o.361e-0-38M + 85(s)

3C.EFWIl-. d

isa completeelMpticintegralofthe

.

%(S)A*= f3(2- s) (0.s ss1.0)

kJs)A+ =1*O (s >1.0) }

(16)

(17)

second

~(s)*=3- 1.0-o.6~e-0.558s-0.~7e-3●2°s

0.2’&-0=725s - 0. 193e-3”’s

+kik
z

(1.q

(19)

(20)

(21)

(22)

(23)

(24)

-. —..—___ _____ ._ ____ ____ ____ -.— —— --------
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~

0.679 0.227d@*=3* & )o.558+ik-3.20+ik “
(25) ,,

(26) ‘“

SincethefunctionsC(k) and q(k)havebeenderivedfrcmapproximate
~ressionsforaspectratiosof3 and6,noexactasymptoticexpressions
couldbe obtdnwl.However,forthevanishing-aspect-ratiocase,itcsn
be shownthat

ldk)12u -j

(ThemagnitudeoftheDiracdeltafunction~
appro-es 6JC~ A+w for s tiha~

for s inhalfmeangeametricchords.)

1(k>> 1.0) (27)

inequations(16) and(17)
rootchordsbutreducesto~

3

RectangularWingin~cwnpressibleFlow

Thefunctions%(s)Cti,%(s),and C(k)ctiforrectangularwings
ofaspectratio4 and6 havebeencal.culat~approximatelyandaretdbulated
inreference7. ‘lhenoncircu-torycomponentsof %(s) axeshuwninrefer-

O*@~fib(E)for A = 4 and A = 62ence18tobe 9!Z9Z5(S) end ~
c% %

respectively.b ordertoobtainthe.~ction ~(k)j ~ ~on~ti~
approximationwasmadeforthefunction%(s). These~ressionssre
nowpresented,together’withtheexpressionforthevanishing-aspect-ratio
caseobtainedfromreference16andthecorrespomHngoscillatory

(28)

- o.6me-1*638s (a)

- o.465e-2*’s (30)

—- — .——
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“

( 0.46dk)A~= ‘k&- o.&3: & - 2.00+ ik5,

(32)

(33)

Again, the saymptotic aressions could not beobtained=ceptforthe
vanishing-aspect-ratiocase:

C(k)=l+2ik

}.

(k>>1.0)
lq(k)12= 1

(34)

TWo-DimensionalWinginSubsonicCompressibleFlow

Forthetwo-dimensionalwinginsubsonicccunpressibleflow,the
followingequationshavebeenderivedfbomreferences2 and3:

.

~(s)Md.5= 1.0- 0.j552e
-().~~s- 0C26~e-0.372s+ o.669e-1.890S(35)

‘l(s)M~06s 1.0- o.362e
-0.0646s- oa5@e-0.481.s+oo7tie-0.958s(36)

~(s)M~.7
= 1.0- 0.364e-0.0536s- 0.405ea”357s- 0.41$le-0-902s(37)

%(s)M~C5‘ = 1.0- 0.390e-0.0716s- 0.407e-0”374s- o.203e-2*‘~s (38)

+2(S)M*.6SSI1.0 - o.328e -0.0545s- 0.430e-0”257s- 0.242e-1”46M(39)

$2(S)M=0.7
~“05425p0046~-o*3~5s-00137e-l”474s(40)= 1.0- 0.402e

( 9 0.407 0.20dk)M~o~= m & - o.:~ : ~ - 0.374+ ik- 2.I.65+ ik3, (41)

. .. . . ..—.— —. - — ..— .. .— ..—. —— - —-.—-——..-——..- —. — —-. —.——--- .
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(
0.328 0.430 0.242

. d@Ma.6 = ‘k & - o.o~5 ~ ~ -0.257+ ik- L46 )li-ik (42)
“

ThefunctionC(k)hasbeencalculatedframthecoefficientscom-
piledintableI ofreference3.

Theasymptoticexpressionscan

(
C(k)-%1

beshowntobe

+il-M
-) 1 . . . .

1(k>>1.0) (44)
lq(k)12u ~

ar%k2

provideditissasumedthatthefunctions~(s) and ~(s) andtheir
firstderivativesexecontinuous.(SeesppendixB.)

Asshownin~endixB,thedeterminationofthe_totic behavior -
isdependentnotonlyonthecontinui~ofthefunctionanditsderiva-
tives,butalsoonthevalueofthefunctionanditsderivativesat
s = o. Therefore, although the kl and ~ functionshavebeendeter- .

minednumericallyfor s> *, theknownexact~ressionfor
2Ms<—~ + ~ S8givenin reference19my beutilizedtoobtainthe

—
asymptoticexpressionsfor

!
C k) ad q(k),pruvideditisassumedthat

thefunctionskl(s)end-~ s) andtheirfirstderivativesare
continuous.

Vsmishing-Aspect-RatioDeltaWingin~ompressible

andCompressibleFluw

Fora deltawingofvanishingaspectratioinincompressibleflow,
theindicialLLftfunctionshavebeenobtainedfromreference16andare

(45)

(o~*~2)

}

(46)
(s>2)

——.— . . — —— . - .-. ——- —-.-
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Thecorrespondingoscillatoryfunctionsare

C(k)= l.o+~ik (47)

(48)

C(k)- 1.0+$ik 1(k>>1.0) (49)
101qk 2=~k2

The ~ functionforthevanishing-aspect-ratiodeltawinginccuu-
pressibleflowhasbeenpresentedinreference19.-.liowev=,becauseof
thedifficultyofobtainingtheoscillatoryliftfunctionC(k)fbom
thisfunction,theresultsderivedb reference10fortheoscillatory
liftfunctionforthedeltawingarepre.s-tedinstead.~ %2 ~CtiOn
hasbeenderivedinappendixC ofthisreportsadthecorrespondingq(k)

functionwassribse~entlyderived.ThefunctionsIq(k)12 and C(k)are
presentedinfigures9 and10for W =M.$= 0.1 wherem isthetangent

ofthesemiapexangleofthedeltawing.Theasymptoticbehaviorof .
/
lq(k)12for W = 0.1 canbeobtainedifitisassumedthatthe ~(s)
functionanditsfirsttwoderivativesarecontinuous.Basedonthe
-M obt~n~ ~ ~~ B * We ~ functionpresmtedinapp=- .
&LxC,itcanbeshownthat

Theasymptotic@cpressionforthefunctionC(k),
assumptionsstatedpreviously,canbeshowntobe

.

(k>>1.0) (x)

alsobasedonthe

(k>>1.0) (51)

____ .. ____ _ ..- _ — .— -.. — — --— - -—- -——-—--



ti NACATN3748

Two-DimensionalWinginSonicFlow
M

Thefunctions~kl(s) ~ c~~(s) fora@-rigintwo-dimensional
sonicflowwereobtainedfromthefunctionspresentedinreference20for
awingintwo—ddmemionals~ersonicflawbytskingtheUmitas M+l. O.
Theresultingexpressionsare

\

C.@”) = 2s

c&kJs) = ~s COS-l(+) + $j5=i. (S > Lo)
J

ThefunctionWC(k) wssobt~~ fr~ reference4 ~ %Q(k) wss
derivedbytheuseofequation(7).‘l!heseexpressionsare

n

4(1-i)~-ikcbc(k)= ~ +4(1+ i)f(k)

%Q(k) = 2(1k-‘)f(k)

(%)

(55)

wheretheFresnelintegralf(k) isdefineilby

(56)J’k e-ixf(k)= —ax
Ow

Theunnormalizedfunctionslx?vebeenpresented,sincethetheoretical
valueof % fortwo—dimensionalsonicflowisinfinite.

Two-DimensionalWinginSrqmrsonicFlow

Fora two—dimensionalwinginsupersonicflow,thefolla@ngequa-
tionshavebeenderivedfromreferences20sad5:

—.- _. .._ . . . _
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.

,

.

u

( )o~B#!!_
l+M

(2M )—<g~m
M+l M -1

(
2M

)
s>—M -1

k2(s) = & s ( )OZS$L M+l

( )
lL@=#-#$+sh-lV

+$ co’”’-

IcJs) = 1.0

C(k)
[

= fo(M,ZE)+ 2ikfo(M,n)

q(k)= fo(M,@

~&k=—
$2

and foaudfl exetheSchwarzfunctions
functionofordern beingdefinedas

1
- fl(M,Z$)

(57)

(58)

(59)

(60)

where

(61)

oforderO and1,theSchwarz

J1
fn(M,G)=

()
#e-~JO ~ &

o
(62)..

& functionsfn(M,G)sretabulatedfor M > 1.0 inreference21,
forexample.Theasymptotic~ressionsare

. . ..--— —.—. _-. —...- ..-— ---- ____ __ _ ——
—— —-— —-.—.—. —.-. —...—

.:”



NACA~ 3748

C(k)= ;

t

.

l~(k)l2u ~

(k>>1.0) (63)
,

4A2

WideDeltaWinginSupersonicFlaw

Forawidedeltawinginsupersonicflow,thefollowinge~tions
havebeen

kl(s)=

q(s)=

kl(s)=

derivedfrcmreferences22andd:

(@)

,

.

kJs) = & S2 ( )1-%i%-r
2- SIF+S P 2co#Nis-2M

kJs) = : =@ ~ + ~ s s- 1

() (2M<: ; -1 2cosh-1fi[ —M+l

~(s)= 1.0
(
s>

C(k)=
{

2 fo(M,@- fl(M,ti)+ ik~o(M,Zi)- 2f1(M,@

q(k) 1fo(M,6i)
L -1

1)I(65)
2MS$
M-

2M
M- J

1}+ f2(M,@ (66)

(67) -

. . - .—— --- ———— —. - — —— .-y —..- -...—.
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1

3W

.

(z)ThefunctionfO*,=

tion(62),inasmuchas
functionfor M <1.

C(k)=&

41

(k>>1.0) (68)
lq(k)l2-f32(M2+ 1)

&
,

.

wascalculatedbynumericalinte~ationofequa-

no tabulationswereavailableoftheSchwarz

WideRectangularWinginSupersonicFlow

Forawiderectangularwinginsupersonicflow,
tionshavebeenderivedfromreferences23and.9:

thefollowingequa-

(A)4
()

.s2
~-&l(s)=&&s-r

(2M <S<2M
M+l )‘m

()

4 2 kl(s)= ~“-~.-—
$ ~2A (s‘*)

()
.k 2 (S)=%-* ( 1)

oss$#-
p-fi%

(2 M-1 2
‘p )

2s2
—-— +g#M-l
~2A 2 &2

(
2M
M+l

I
(70a)

(7(X))

. . . . . . -.——-—-—. --— -— -——. — — ——-
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6

()4_ 2 “”@)=&_&
~ fj2A (’.*) (70.)

[( ](*-A)’(k)‘*fO(M’5)‘*l- e-=cOsz’msh’72)

101qk2- +

()
422-.—
$ B2A

(k>>1.0) (73)

— .— ...—.— - ——._-. .
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APPEMDIKB

@YMPmTIcBEHAVIOROFoscIUMKIRYLIFTCOEFFICIENTSAS

D~ FROMINDICIALH FUNUTIOMH

lhthefollawinganalysisitfs.sm -t theasymptotic
behavioroftheoscillatingliftcoefficientscanbedeterminedfromthe
initialbehsviorandthediscontinuitiesinthederivativesofthe
indicialliftfunctions.

If ~(k)representseitherC(k)or ~(k) andif
sentsthecorrespondingfunctionkl(s)or ~(s),then
relationis

nw
~(k)= ik / K(s)e--ds

00

If K(s)hasthefolluwingproperties:

K(s) repre-
thereciprocal

(1) K(s) andallitsderivativesuptoandincluding
continuous

(2) Thereisasegpenceofpointss.~(wherej,=,l,

(74)

K(N)(s)are

2,.. .)
atwhichoneormoreofthederivativesK‘nJ(s)(where
n>I?)hasa finitediscontinui~

thenby I?+ 1 successiveintegrationsbyparts,equation(74)_cenbe
expressedad3

1’V(k)= ‘~+1‘K(N+l)(s)e-wds+~& (75)
(ik) o n=o (ik)n.

Forfurtherintegrationsbyparts,thediscontinuitiescontributeterms
oftheform

(76)

.. . .— -. ..-— ---- ————— ..- — - —— — - . ..—
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sothat

~ #(o) + ~
K(n)(0)+ ~~n)(S~+) -K(n)(sj-~e-*$

$(k)= ~ — j=l
n=o (ik)n n=N+l (ik)n

.

,.

(77)

.

,.

. . . —.. ----- -_ —____ ______ ... .
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APPENDIXc

INDICIALLIFTFUNCTTONFORDEILIYLWINGW VAMISHING

ASPECTRATIOINCOMPRBSIBIEFIQW~

A SHARP-EDGED“GUST

5e differentialequationwhichgavernsthefluwfieldfora very
narrowdeltawinghaabeen

wherethex,y,ad z axes
is t’= t/a. Theloading

andtheboundsry
sharp-edgedgust,

.

showninreference19tobe

$y+#z. =$ti (78)

arefixedonthewingandthetimevari~le
coefficient

(
4_41
~ ~~$t

conditionsassociated
are

canbeshuwntobe

+ $&) (79)

withthiswingpenetratinga

(x< Mt)

}
(80)

(X> Mt)

whereWu istheinducedverticalvelociiqyonthewing.Asinrefer-
ence19theboundaryconditionsmeeclonlybesatisfiedovera spanstrip
ofthewing,sinceitwasassumedthattheveloci~gradientsinthe
y-,z-,* t-directionsareindependentoftiegaent h * X+ection..
SeefollowingSlketch.

A .—

1f
x

Sketch(a)

, . . _.— ——-—. ..-— —- —— .— .-— -————
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Sketch(b)thenrepresentstheproblemunderconsideration:

b(x)~

\
I

\ /’
\ /
\ /
\ /
\
\

2

/
/ \

/ \
/’ \

/ 3 \
\\

\ /
t

sketch (b)

Ifthesxesaretrmsformedbytherelation

~ Y’

“t=ii

(8i)

.

,1

—. — --—. ----- —. . . . .—.-. ._— _ .. ____ .—
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thentheproblemcanberepresentedbythefollowingsketch:

23

2b(x)

‘\ 1

\
\

~\

/’//
/3/

r’\
\

/

/

/

/
t

‘\ \ \ \
Y

I
/

/’

T

metch (c) .

.

h thelifting-surfaceanalog,thiscorrespondstotheproblemof
findingthevelocitypotentialovera flatrectangularwingoflowaspect
ratiosituatedina freestreamataMachmmiberequalto K. Solutions
tothisproblemaregiveninreference19andare&w presented;thesub-
scriptsrepresenttheregionunderconsideration.

($)T1 = -W.

(QJ) -’”-’F=ZT2=YC

I

(@)3
2W0=T -—
al

t=-l.1 b(x)+ y + tan-l
J 1

b(x)-y -~
T- b(x)-y \T- b(x)+ y 2

(82)

(83)

(m)

_._. .—. .—— —.—. .— ----- — .— ————.—. —— -—- ——-——--— .. . ----
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and,forlarge
sketch(c)),

—

valuesof T (thatiS,forthehigher

I

NAOATN3748

numberregionsin

H
where an integral equationfor f ~ togetherwitha tabulationof

b(x)
thisfunctionisgiveninreferen;e’19:

soLwingequations(82)to (85)forthevelocitypotential$ and
substitutingtito,equation(79)yieldsthefollowingloadingcoeffi-
cientsforthevariousregions:

.

(85)

4P()T *>2b(x)

()4% .()
fal

(a3=ql/zjy7i-]

Thecorrespondingliftcoefficientperunitlengthis

[1“zb+=

[1
z~=
b(x)

[1
ZJ-=
b(x)

(86)

(87)

.

(88) .

2

[ if-qf~-—
b(x) b(t)

(;)

(T< b(x))
I.

I(b(x)< T< 2b(X))
.l

(T>>2b(x)) ‘

(90)

.——. -—— ----- .--. .— _ —— .— --— . . . . .
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equation (90)yields

(T< 2’b(X))

() =aw& {JT/%(X)2~ —

[ 1}f(q)dq--f ~ (T>>2b(X)
b(x)~ V () . 2b(x) b(x)

wherethesubscriptsindicatetheregionsinthext-planewhere
a~lies.Seefollowingsketch.

A plot‘ofequations(91a)
canbeseenthatanerror

oftheassumptionmadein

Theliftcoefficient

CL

G

Sketch(d)

and(91b)ispresmtedin
ofabout3 percentexists

equation(85).

(914

) (91b)

z(x)

figure21 whereit
at — = 2 because

b(x)

forthewingisobtainedfromtheequation

(92)

Substitutingtheappropriateexpressionfromequations(91.a).and(91b)
intoequation(92)gives.

.. ... . .. .. —. .-. — .-— ~ — .— --— -- - —.— -— ---- -
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(.<t<+&i))M

(-t>c(v))

Evaluatingequation(93)endmskingthesubstitution

S=m’-ait
c c

gives

[

CL S2 thhl J2
f(~)dq+

J
1]

“_m!m_kJs)=~=—
4 Yc(l+ 2MDJ2+ (1 +id o 2 (11-MU#

qs) =-&+--&
‘+ EJ2)-%E

(2<sg2+4”In)

(s>2+4Mm)

J

Eqpation(~) hasbeenevaluatednumericallyfor W =~ = O.I andthe
T

resultsarepresentedinfig&e22,togetherwiththeresultsfor M = O
asgiveninreference17. Itmightbeofinterestto,notethatfor
M= O equation(~) reduced.totheequationgiveninreference17.

.

.

(94)

— -—.—._ .. _. .._ --- ._
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‘IypeOfflew Wingplanfoml C(k) q(k) C(k):F= IG(k) J4K#

~Btlibb m dimansimlalEq. (u) Eq. (12) 2

mmLlp7mib18 ~~” $& %1 \ ,.: ,

Ryy21’&

1] }

Ref.16 lzq.x
&c_aaibla A=4

L
m. 32 (d~A-6 . 6

Aern .(n)2.(%]

subsonicC4nnpraaaibla:
M=o
M- O.p

;[:l m ~, ,
TImOhaMmna “

M50.6

~: :
Raf.3 1 ‘r

}

8
M=o.~ Eq: 43)

cCqraEidblaalla
~BEibk:
M=o w= Eta m. (47)R. (W
y -0.1 Raf.10 (b)

“}
9 10

Solllc ~ ~- *. (*) a. (55) U 12

--:
q2,y,2,d$2 m ~icmal R. (59)m. (60) u 3.4

Slqmralmic:
M=+$+2,aud?$ widedelta E!q.(66)Eq.(67) 15 3.6

m==~c: WI*yyyulex

{

: I

17(a) If3(a)
M. 3Q,2,alla4Q7 3 A=2

f’
17 ) la)

A=4 17c) rlac)
M=?

}

m. (m m. (72) Ig(a) 20(a)
M.2 A -1,2,4,-= W(b) 20(b)
M=? 19(c) a(c)

%il.ydrdatmycqpnantaellftphtt%a.
%amllataaIlmarlcallyfl’call ~(s) nnlcucmgiventiappnaixc.
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ratiosIn incompressibleflow.
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Figure 20.- Continued.
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